
THE QUANTUM MECHANICAL BOLTZMANN EQUATION 

by 

David K. Hoffman', John J. Mueller 

and C. F. C u r t i s s  

T h e o r e t i c a l  Chemistry I n s t i t u t e ,  U n i v e r s i t y  of Wisconsin 

Madison, Wisconsin 53715 

. 
3 x S O  ABSTRACT 

A Boltzmann equa t ion  i s  der ived from t h e  N - p a r t i c l e  

Schroedinger equa t ion .  The development i s  based on t h e  s o l u t i o n  

of t h e  two p a r t i c l e  quantum mechanical L i o u v i l l e  e q u a t i o n  due t o  

Green. The v a r i o u s  approximations involved i n  t h e  d e r i v a t i o n  are 

d i scussed  and t h e  c o l l i s i o n  i n t e g r a l  and c o r r e c t i o n s  are compared 

t o  t h e i r  c l a s s i c a l  analogs.  Fu r the r  development of t h e  c o l l i s i o n  

integral  y i e l d s  t h e  s t anda rd  r e s u l t ,  t h e  u s u a l  Boltzmann 

c o l l i s i o n  i n t e g r a l  i n  which t h e  c l a s s i c a l  d i f f e r e n t i a l  c r o s s  

s e c t i o n  i s  r e p l a c e d  by i t s  quantum mechanical c o u n t e r p a r t .  
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The quantum mechanical analog of t h e  c l a s s i c a l  Boltzmann 

1,2,3,4,5 equa t ion  has been d i scussed  by a number of a u t h o r s .  

The concept of a phase space i n  quantum mechanics i s  somewhat 

nebulous because of t h e  Heisenberg u n c e r t a i n t y  p r i n c i p l e ;  b u t  it 

has been w e l l  e s t a b l i s h e d  t h a t  the proper correspondent  t o  t h e  

c l a s s i c a l  d i s t r i b u t i o n  f u n c t i o n  i s  the  Wigner d i s t r i b u t i o n  f u n c t i o n .  

I n  t h e  c lass ica l  l i m i t  (i .e.h-+O) t h i s  f u n c t i o n  obeys t h e  

c l a s s i c a l  equa t ion  and, i n  general ,  it possesses  some, b u t  n o t  

a l l ,  of t h e  p r o p e r t i e s  of a c l a s s i c a l  d i s t r i b u t i o n  (e .g .  i t  i s  

always r e a l  b u t  no t  n e c e s s a r i l y  non-negative).  

4 

I n  t h e  Wigner 

r e p r e s e n t a t i o n  both t h e  p o s i t i o n  and momentum o p e r a t o r s  are simply 

m u l t i p l i c a t i v e  o p e r a t o r s  and, as a consequence, expres s ions  f o r  

v a r i o u s  s t a t i s t i c a l  averages such as the  s t r eam v e l o c i t y  are of 

p r e c i s e l y  t h e  same form i n  t h e  quantum mechanfcal t r ea tmen t  as i n  

t h e  c l a s s i c a l  t r ea tmen t .  

I n  t h i s  paper we d e r i v e  an equa t ion  f o r  t h e  s i n g l e t  d i s t r i b u t i o n  

f u n c t i o n  which i s  a quantum mechanical analog o f  t h e  Boltzmann 

equa t ion .  I n  t h e  low d e n s i t y  l i m i t  t he  equa t ion  i s  of t h e  same form 
- - - - -  
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as t h e  c l a s s i c a l  equa t ion  except  t h a t  t h e  c l a s s i c a l  d i f f e r e n t i a l  

c r o s s  s e c t i o n  i s  r ep laced  by i t s  quantum mechanical c o u n t e r p a r t .  

The d e n s i t y  c o r r e c t i o n  terms are shown t o  be analogous t o  t h e  

c o r r e c t i o n  terms t o  t h e  c lass ica l  equa t ion  due t o  Green. 6 

1. The Quantum Mechanical L i o u v i l l e  and B.B .G.K.Y.  Equat ions 

The s t a t e  of  a n  N*-body quantum mechanical system i s  desc r ibed  

by i t s  d e n s i t y  matrix, F). The t i m e  development of  t h i s  f u n c t i o n  

i s  descr ibed  by t h e  Schroedinger equa t ion  

1 

where fl'N) i s  t h e  /V-par t ic le  Hamiltonian. The Wigner d i s t r i b u t i o n  

func t ion ,  f t N ' ,  i s  a Four ie r  t ransform of p["?I and i s  de f ined  

by t h e  r e l a t i o n  

The s u p e r s c r i p t  denotes  a vec to r  i n  t h e  I \ / -par t ic le  space .  

By t ransforming  t h e  Schroedinger e q u a t i o n  i n t o  t h e  Wigner 

r e p r e s e n t a t i o n  one o b t a i n s  a quantum mechanical  ana log  of  t h e  

L i o u v i l l e  equation, However, w e  do n o t  wish t o  dea l  d i r e c t l y  w i t h  

t h i s  equat ion .  In s t ead ,  fo l lowing  t h e  procedure u s u a l  i n  t h e  
- - - - -  
6 .  H. S. Green, Molecular Theory of F l u i d s ,  (North Holland 

Publ i sh ing  Co., Amsterdam, 1952). 
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c l a s s i c a l  problem, we d e f i n e  lower order  d i s t r i b u t i o n  func t ions ,  

f " ) ,  by t h e  r e l a t i o n s  

A hie . rarchy of  equa t ions  known as t h e  quantur: nechan ica l  B .B .G.K.Y.  

equa t ions  governfng t h e  time e v o l u t i o n  of t he  lower o rde r  d i s t r i b u t i o n  

f u n c t i o n s  i s  obtained by i n t e g r a t i n g  the  quantum mechanical L i o u v i l l e  

e q u a t i o n  over t he  coord ina te s  of some of t he  p a r t i c l e s .  I f  t h e  

t o t a l  p o t e n t i a l  energy of t h e  s y s t e m  i s  taken t o  be t h e  sum of 

c o n t r i b u t i o n s  a s s o c i a t e d  w i t h  each p a i r  of p a r t i c l e s ,  t h e  equa t ion  

f o r  any one d i s t r i b u t i o n  func t ion  invo lves  only t h e  f u n c t i o n  of 

nex t  h ighe r  o r d e r .  Hence, t h e  whole h i e r a r c h y  i s  i n t e r r e l a t e d  

and a n  e x a c t  s o l u t i o n  f o r  any one f u n c t i o n  cannot be obtained 

wi thou t ,  i n  e f f e c t ,  s o l v i n g  t h e  o r i g i i a l  N-body L i o u v i l l e  equa t ion .  

However, experience i n d i c a t e s  t h a t  such d e t a i l e d  knowledge i s  no t  

necessa ry  f o r  t h e  d e s c r i p t i o n  of  t h e  observed macroscopic behavior  

of t h e  system. By making a s u i t a b l e  approximation, w e  t e rmina te  

t h e  h i e r a r c h y  t o  o b t a i n  a closed s e t  o f  equa t ions  which d e s c r i b e  

t h e  phenomena of i n t e r e s t .  
(cu 

The equa t ions  f o r  f'" and f which a r e  ob ta ined  by 

7 
i n t e g r a t i n g  t h e  quantum mechanical L i o u v i l l e  equa t ion  are 

J 

- - - - I  

7. H. S.  Green, Proc.  Phys. SOC, A ;  66, 325 (1953). 
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where 7 = 1, i s  an  i n t e g r a l  ope ra to r  de f ined  by 

and 

I n  t h e  above equa t ion  t h e  v a r i a b l e  s u b s c r i p t s  denote  a p a r t i c u l a r  

p a r t i c l e .  The q u a n t i t y  i s  t h e  in t e rmolecu la r  p o t e n t i a l  and 

The q u a n t i t y  /1 mul t ip ly ing  t h e  i n t e g r a l s  i n  Eqs. 4 and 5 i s  a n  

o r d e r i n g  parameter which i s  l a t e r  se t  e q u a l  t o  one. The terms 

m u l t i p l i e d  by /1 
s e t  of molecules descr ibed  by t h e  d i s t r i b u t i o n  f u n c t i o n  on t h e  

l e f t  and the r e s t  of t h e  molecules .  

r e p r e s e n t  t h e  e f f e c t  of  c o l l i s i o n s  between t h e  

When A = O  t h e  equa t ions  
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become quantum rnechanical L i o u v i l l e  e q u a t i o n s ,  We proceed by 

f i n d i n g  an  approximate expres s ion  for  F ' a s  a f u n c t i o n a l  of fl,, 
and use  t h i s  r e s u l t  i n  Eq. 4 t o  ob ta in  a c losed  equa t ion  f o r  f "I 

I f  we expand the  exponen t i a l  

-r 1 

which appears  i n  t h e  ope ra to r  d " " i n  i t s  power s e r i e s  we f i n d  

t h e  f i r s t  non-zero c o n t r i b u t i o n  t o  t h e  expansion arises from t h e  t e r m  

9 

T h i s  t e r m  g ives  r i se  t o  t h e  c l a s s i c a l  ope ra to r  

Higher terms i n  t h e  expansion give r i s e  t o  c o r r e c t i o n  terms t o  t h e  

c l a s s i c a l  ope ra to r  i n  powers of 4 2 

i s  ze ro  f o r  t hose  v a l u e s  of t h e  s e p a r a t i o n  
@j' 

The ope ra to r  

d i s t a n c e  f o r  which the  p o t e n t i a l  and a l l  i t s  d e r i v a t i v e s  are 

e f f e c t i v e l y  zero.  This l i m i t s  the i n t e g r a t i o n  over i n  Eq. 4 t o  

a sphere of a molecular diameter about  &I 

P 

2.  D e r i v a t i o n  of t h e  Boltzmann Equation 

The equa t ion  f o r  P c a n  be s i m p l i f i e d  by assuming t h a t  only 

b i n a r y  c o l l i s i o n s  are important.  Since w e  a r e  i n t e r e s t e d  i n  a 
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s o l u t i o n  of t h e  y e q u a t i o n  f o r  s m a l l  va lues  of 

on t h e  r i g h t  of Eq. 5 i s  n e g l i g i b l e .  

t h e  i n t e g r a l  
. 

That is ,  t o  develop the  

c o l l i s i o n  i n t e g r a l  i n  Eq. 4 t o  order  2 , we need f D ’ t o  only 

ze ro  order  i n  A . When t h i s  s i m p l i f i c a t i o n  i s  made we are l e f t  

w i t h  t h e  two p a r t i c l e  quantum mechanical L i o u v i l l e  equa t ion .  

has  given a s o l u t i o n  of t h i s  equa t ion  as a f u n c t i o n a l  of f , 

7 
Green 

( 1 )  

where 
11 

1 2  

13 

14 
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and 

15 

16 

The wave f u n c t i o n  ph ,#o )appea r ing  i n  t h i s  e x p r e s s i o n  i s  a s o l u t i o n  

of t h e  t i m e  independent Schroedinger equa t ion  

1 7  

w i t h  t h e  boundary c o n d i t i o n  t h a t  i t  r e p r e s e n t s  a s y m p t o t i c a l l y  an 

i n c i d e n t  p l ane  wave w i t h  momentnm 

Green has shown Chai t h i s  expressfc:: f e r  

product  of 

o and s c a t t e r e d  waves. 

 factors i n t o  a 
+ 

f"' ' s  i n  t he  p r e c o l l i s i o n  r e g i o n  of t h e  phase space.  

T h i s  boundary c o n d i t i o n  corresponds t o  t h e  ' 'molecular chaos" 

c o n d i t i o n  which i s  assumed i n  the c l a s s i c a l  t r ea tmen t .  

I r r e v e r s i b i l i t y  e n t e r s  the t h e o r y  a t  t h i s  p o i n t .  It ar ises ,  

as i n  t h e  c l a s s i c a l  theory,  because w e  discr i rncnate  between t h e  

p r e c o l l i s i o n  ( ,&-& < 0 
(.#-E > 

(21  
t h a t  f 
r e g i o n .  

and R l a r g e )  and p o s t c o l l i s i o n  

0 and JL l a r g e )  r eg ions  of t h e  phase space by assuming 

f a c t o r s  i n t o  a product of 

It can be shown t h a t  the s o l u t i o n  given by Eq. 11 s a t i s f i e s  

f") 0s i n  t h e  p r e c o l l i s i o n  

t h i s  c o n d i t i o n ,  by a g e n e r a l i z a t i o n  of t h e  argument used i n  t h e  
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d e r i v a t i o n  of  Eq. 6 2 ' .  A t  ve ry  l a r g e  s e p a r a t i o n  d i s t a n c e s ,  one 

can make use of t he  asymptotic form of t o  show t h a t  i n  the  

p r e c o l l i s i o n  r e g i o n  ff2)depends only cn t h e  i n c i d e n t  p o r t i o n  of 

A s p e c i a l i z e d  form of t h i s  r e s u l t  i s  apparent  i n  E q .  61  . When t h e  

exponen t i a l  i n c i d e n t  wave i s  used i n  Eq. 11. the  i n t e g r a t i o n s  can  

be performed i n  a s t r a i g h t f o r w a r d  manner t o  y i e l d  t h e  d e s t r e d  r e s u l t .  

Since t h e  c l a s s i c a l  and quantum mechanical two p a r t i c l e  L i o u v i l l e  

equa t ions  a r e  i d e n t i c a l  o u t s i d e  t h e  range of t h e  p o t e n t i a l ,  i t  

fol lows t h a t  $'2'fectors ( a s  i n  t h e  c l a s s i c a l  c a s e )  i n  t h e  whole 

p r e c o l l i s i o n  p o r t i o n  of t h e  phase space.  That i s ,  a p o i n t  i n  t h i s  

r e g i o n  of t he  phase space cannot d e s c r i b e  i n  e i t h e r  t h e  c l a s s i c a l  

or  quantum mechanical ca se  two p a r t i c l e s  which have c o l l i d e d .  
(1 1 

The f Os i n  E q .  11, which a r e  eva lua ted  a t  time -60 , can 

be w r i t t e n  i n  terms of f ' ' ) ' s  a t  t i m e t  by m e a m  of Eq. 4 .  

z e r o  order  i n  A we o b t a i n  

To 

Th i s  r e s u l t  i s  c o n s i s t e n t  w i t h  the n e g l e c t  of t h e  t h r e e  body 

c o l l i s i o n  terms which has been discussed p r e v i o u s l y .  When t h i s  

product  i s  s u b s t i t u t e d  i n t o  Eq. 11 the  r e s u l t i n g  e x p r e s s i o n  f o r  f@' 
i s  independent of ' t o  . This  c a n  be seen  by expanding t h e  s p a t i a l  
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dependence of t he  

t h e  technique i l l u s t r a t e d  i n  Eq.  SO t o  t he  v a r i o u s  powers of 

f[l"s Fn a Taylor s e r i e s  about and app ly ing  

r e s u l t i n g  from t h e  expansion. An analogous p r o p e r t y  e x i s t s  i n  the  

c l a s s i c a l  case. 

I f  we combine Eqs. 4 and 5 and ignore t h r e e  body terms, w e  have 

19 

m -  IW z e L v  - _ _ _ -  i j rdz r  in ,IL t h e  operator i n  the  in t eg rand  on the  r i g h t  
(11, 

commutes w i t h  t h e  product  of f s and thus  from Eqs.11 and 18 

w e  write 



. 

I n  ob ta in ing  t h i s  equa t ion  we have made use c f  t h e  i d e n t i t y  

Now the in tegrand  of t h e  i n t e g r a l  over 4 2  and depends on # 
two s p a t i a l  coo rd ina te s  whfch can be taken  t o  be a g r o s s  p o s i t i o n  

coord ina te  and a r e l a t i v e  p o s i t i o n  Coordinate .  

system i s  s p a t i a l l y  homogeneous and t h e  func t ions  a r e  independent 

of t h e  gross  p o s i t i o n  coord ina te .  It i s  convenient  t o  choose t h e  

gross p o s i t i o n  coord ina te  t o  be &I and the r e l a t i v e  coord ina te  t o  

A t  e q u i l i b r i u m  t h e  

be .LI, . I f  w e  expand t h e  s p a t i a l  depenJence of t h e  product  of f(') D 

i n  Eq. 20 about then  t h e  order  of t h e  g r a d i e n t  - a i n d i c a t e s  

t h e  order  of d e v i a t i o n  from equ i l ib r ium,  

through f i r s t  o rder  i n  t h i s  expansion we have 

I f  w e  r e t a i n  only  terms 

2- 

L 
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1 

L L  

where 

23  

24 

25 

26 



1 2  

and 

J 
I n  Eq. 26 we may make use of t he  f a c t  t h a t  

t o  c a r r y  out t he  i n t e g r a t i o n s  over & O  and 4 t o  o b t a i n  

27 

28 

1 

Thus Q i s  independent of 2 
c o n t a i n  

and the two terms i n  Eq. 22 which 

Q' van i sh ,  Upon comparing Eq. 29 w i t h  Eq. 2 we  see t h a t  
% 

Q' i s  the  s t eady  s t a t e  Wigner d i s t r i b u t i o n  f u n c t i o n  f o r  a beam of 

p a r t i c l e s  with i n c i d e n t  momenta 

c e n t e r .  I n  t h e  nex t  s e c t i o n  we e v a l u a t e  Q a t  l a r g e  d i s t a n c e s  

o being s c a t t e r e d  from a s c a t t e r i n g  + / 

from t h e  S c a t t e r i n g  c e n t e r  

The f i f t h  term i n  t h e  integrand of t h e  i n t e g r a l  i n  Eq. 22 can 

be s i m p l i f i e d  by the  fol lowing i n t e g r a t i . o n s :  



- 4  

13 

. 

30 



Thus t h i s  expression,  l i k e  9' , i s  independent of t h e  t i m e  

d i f f e r e n c e  ' 
The f i n a l  term i n  E q .  2 2  can be s i m p l i f i e d  by n o t i n g  t h a t  

14 

I 

Thus 

But t he  f i r s t  t e r m  on t h e  r i g h t  i n  t h i s  e x p r e s s i o n  van i shes  because,  

a s  w e  have j u s t  shown, the  e x p r e s s i o n  given by E q .  30 i s  independent 

of . Thus E q .  22 can be w r i t t e n  
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L 

It i s  shown i n  the nex t  s e c t i o n  t h a t  t he  f i r s t  t e r m  on t h e  r i g h t  

s i d e  of t h i s  equa t ion  g ives  r i s e  t o  t h e  quantum mechanical analog 

of t h e  u s u a l  Boltzmann c o l l i s i o n  i n t e g r a l .  It  i s  shown i n  t h e  

fo l lowing  t h a t  the remaining terms8, which are f i r s t  order  i n  t h e  

g r a d i e n t  

c o l l i s i o n  i n t e g r a l  due t o  Green. 

, correspond t o  the c o r r e c t i o n s  t o  t h e  c l a s s i c a l  
- a 

6 

The c o r r e c t i o n  terms t o  the c l a s s i c a l  Boltzmann 

8. The l a s t  two i n t e g r a l s  i n  Eq. 33 are s e p a r a t e l y  d i v e r g e n t  
and must be considered together  t o  o b t a i n  a convergent 
r e s u l t .  They can e a s i l y  be combined and w r i t t e n  i n  terms 
of t h e  ope ra to r  
d e r i v a t i o n  given he re .  The form given here ,  however, has 
t h e  advantage LQat i t  does not involve t h e  complicated 
ope ra to r  @',2) e x p l i c i t l y .  

by e s s e n t i a l l y  r e v e r s i n g  t h e  



9 c o l l i s i o n  i n t e g r a l  can be w r i t t e n  i n  the form 

' 
The q u a n t i t y  .& i s  a p o s i t i o n  v a r i a b l e  obtained a s  a f u n c t i o n  

of and # by f i r s t  t ransforming /L backward i n  time a long  

t h e  two p a r t i c l e  c o l l i s i o n  t r a j e c t o r y  u n t i l  t h e  two p a r t i c l e s  no 

longer i n t e r a c t  and then t ransforming forward an  equa l  l e n g t h  of 

t i m e  a long  a s t r a i g h t  l i n e  t r a j e c t o r y  ( i o e o  ignor ing  t h e  e f f e c t  of 

t h e  p o t e n t i a l ) .  I n  w r i t i n g  the  c o r r e c t i o n  terms we have a l s o  used 

the  d e f i n i t i o n s  

and 

35 

36 

/ 
where #,'and & a r e  the  i n i t i a l  v a l u e s  of #, and #.z on the  

two p a r  t i c l e  t r a j e c t o r  y . 

1 6  

I n  exact  analogy t o  the quantum mechanical ca se  which w e  have 
- ( I )  1 - - ( I )  1 

j u s t  discussed,  t h e  product  5 fi i s  a s o l u t i o n  of t h e  c l a s s i c a l  
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'two p a r t i c l e  L i o u v i l l e  equat ion  t o  zero  order  i n  the  o rde r ing  

parameter 2 . Hence 

10 
Using t h e  i d e n t i t y  

38 

where .$&'is the  i n i t i a l  r e l a t i v e  momentum we f ind  t h a t  t o  ze ro  

and the  d e r i v a t i v e  wi th  r e s p e c t  t o  t h e  
2 

order in the grrzdiezt  - a&/ 
t i m e  

Th i s  r e s u l t  when s u b s t i t u t e d  with E q .  

39 = 0, 

38 i n t o  E q .  34 y i e l d s  t h e  

fo l lowing  c o r r e c t i o n  terms : - - - - -  
10. A p o i n t  i n  t h e  phase space a s soc ia t ed  w i t h  the r e l a t i v e  motion 

of t h e  two p a r t i c l e s  may be descr ibed  b y 3  and & or a l t e r n a t e l y  
b y & /  and .p'. The t o t a l  time d e r i v a t i v e  of an a r b i t r a r y  
f u n c t i o n  def ined  i n  t h i s  phase space ( i . e .  t h e  d e r i v a t i v e  
fo l lowing  a phase p o i n t )  may be w r i t t e n  i n  terms of e i t h e r  
of t h e  two coord ina te  systems 

Thus E q .  38 fo l lows .  [See  D. K. Hoffman and C .  F. C u r t i s s ,  
Phys. of F l u i d s  2, 1887 (1964) j  
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L 

40 

I n  t h i s  form t h e  c l a s s i ca l  c o r r e c t i o n  terms a r e  analogous t o  t h e  

quantum mechanical c o r r e c t i o n  terms given by Eq. 33. 

I n  the  c l a s s i c a l  l i m i t  

I f  t h i s  s u b s t i t u t i o n  i s  made i n  Eq. 33 t hen  Eq. 40 i s  ob ta ined .  

The d i f f e r e n c e  between t h e  c l a s s i ca l  and quantum mechanical  forms 

l i e s  i n  the  f a c t  t h a t  t h e r e  i s  no w e l l  de f ined  quantum mechanical  

t r a j e c t o r y  and hence t h e  q u a n t i t i e s  Jb - 'and @ ' a re  r e p l a c e d  by 

averages  i n  t h e  quantum mechanical t rea tment .  

3.  The Zero Order C o l l i s i o n  I n t e g r a l  

We next  cons ider  t h e  pr imary t e r m  on  t h e  r i g h t  of Eq. 33 



. 
19 

. 

As has been mentioned, t h i s  term, which i s  of  ze ro  order  i n  t h e  

g r a d i e n t  - 
u s u a l  Boltzmann c o l l i s i o n  i n t e g r a l .  By Gausst theorem one has 

, g ives  r i s e  t o  the quantum mechanical analog of t h e  a 
a&/ 

/ 
L e t  us examine the  i n t e g r a l  Q def ined  by Eq. 29. One sees 

from E ¶ .  43 t h a t  it i s  necessary t o  e v a l u a t e  Q' only for  l a r g e  

v a l u e s  of JZ a We write p h + ) i n  terms of an  i n c i d e n t  p l ane  

wave and a s c a t t e r e d  wave $$(&,/+]as fol lows 

For l a r g e  v a l u e s  of Jz w e  make use of a t r a n s l a t i o n  theorem t o  

show t h a t  

T o  prove t h i s  theorem one w r i t e s  4 (.&fs,f$) i n  a Taylor ser ies  

expansion 
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NOW f o r  la rge  4 

where f&,) i s  the  angular  ampli tude of t he  s c a t t e r e d  wave and 
A 4  

cos  90 = #eD& . I f  one s u b s t i t u t e s  Eq, 47 i n t o  Eq. 46 and 

keeps only  terms of order  - ' one f i n d s  t h a t  
4 

48 
This  e s t a b l i s h e s  t h e  theorem. 

From Eq.  29, 44, and 45 i t  fol lows t h a t  
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_J 49 

which can be reduced by i n t e g r a t i o n  over s - t o  

50 



The differential cross section 6(&0) is 

22 . 

Hence 

c 

5 2  
Y 

/ 

To complete the evaluation of Q we examine the final term 
in this expression. For large values of 0 , 

Since 

5 3  
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. 
and 

L= 
),3,5, . . - 
t h e  exponen t i a l  can be w r i t t e n  

r 

7 

d 

56 

I f  one combines E q s .  47 and 56 one then  f i n d s  t h a t  

S ince  D i s  l a r g e ,  s i n  r ~ )  and cos fyj are r a p i d l y  o s c i l l a t i n g  

functions' '  and are e f f e c t i v e l y  ze ro  on i n t e g r a t i o n  over 
- - - I -  

ll. Since t h i s  e x p r e s s i o n  has a po le  a t b o ,  6 
must be given t o  the  i n t e g r a t i o n  over t h i s  p o i n t .  From 
Eq. 52 w e  see t h a t & = o  implies  t h a t  
e x t r a  f a c t o r  of & i n  t he  in t eg rand  o i  t he  i n t e g r a l  i n  
Eq. 43 imp l i e s  t h a t  t h i s  pole does n o t  c o n t r i b u t e  t o  
t h e  i n t e g r a l .  

s p e c i a l  c o n s i d e r a t i o n  

= 0 and hence t h e  -& 



Hence i n  t he  above equat ion w e  neg lec t  terms 

The o p t i c a l  theorem s t a t e s  t h a t  

24 

59 

1 2  w e  write where is t h e  t o t a l  c r o s s  section, Thus 

60 

is e s t a b l i s h e d .  



This  r e s u l t  w i th  Eq. 52 shows t h a t  

25 

R 

1 
We have p r e v i o u s l y  observed t h a t  Q i s  t h e  s t e a d y  s t a t e  

d i s t r i b u t i o n  f u n c t i o n  d e s c r i b i n g  a beam of p a r t i c l e s  w i t h  i n i t i a l  

momentum o s c a t t e r e d  from a s c a t t e r i n g  c e n t e r ,  This  l e a d s  t o  

a p h y s i c a l  i n t e r p r e t a t i o n  of the above expression. f o r  Q’at a 

l a r g e  d i s t a n c e  0 from the  s c a t t e r e r .  The f i r s t  term i n  t h e  

e x p r e s s i o n  f o r  Q 
which f a l l s  o f f  i n  i n t e n s i t y  as DL2 r e p r e s e n t s  t h e  s c a t t e r e d  

+ 
/ 

r e p r e s e n t s  the i n c i d e n t  beam, t h e  second t e r m  

beam, and t h e  t h i r d  t e r m  r e p r e s e n t s  t h e  shadow a f  t h e  s c a t t e r e r .  

From Eqs.  27, 4 3 ,  and 6 1  one f i n d s  t h a t  

6 2  

The t e r m  corresponding t o  t h e  i n c i d e n t  beam i n  t h i s  expres s ion  
4 

f o r  t h e  c o l l i s i o n  i n t e g r a l  vanishes  on i n t e g r a t i o n  over k 
The remaining 

. 
$ - f u n c t i o n  i n t e g r a t i o n s  can then  be c a r r i e d  ou t  

t o  o b t a i n  
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63 

I f  w e  change v a r i a b l e s  from .#b t o  # i n  t h e  f i r s t  t e r m  and 

in t roduce  t h e  expres s ion  f o r  t h e  t o t a l  c r o s s  s e c t i o n  

64 

J 
i n t o  the  second, w e  have 

65 

A d  
where cos  @ z f & *  - k . This  expres s ion  may be r e w r i t t e n  i n  

t h e  form 

66 



I .I 

~ 

where U = 9 h-, i s  the r e l a t i v e  v e l o c i t y  of t h e  two p z r t i c l e s  and 

I -  

* 

t h e  i n t e g r a t i o n  i s  over t h e  momentum of t h e  second p a r t i c l e ,  

This  r e s u l t  i s  i d e n t i c a l  t o  t h e  c l a s s i c a l  c o l l i s i o n  i n t e g r a l  

excep t  t h a t  he re  

c r o s s  s e c t i o n .  

e(fl) i s  t h e  quantum mechanical d i f f e r e n t i a l  

It i s  d o u b t f u l  t h a t  t he  c o r r e c t i o n s  t o  t h e  c o l l i s i o n  i n t e g r a l  

can be reduced t o  a form s o  c l o s e l y  analogous t o  t h e  c l a s s i c a l  

r e s u l t .  The r eason  i s  t h a t  t h e  c l a s s i c a l  c o r r e c t i o n s  invo lve  t h e  

d e t a i l e d  dynamics of b i n a r y  c o l l i s i o n s  through t h e  q u a n t i t i e s  &, ’ 

and #’ which, as has  been mentioned, have no c l o s e  correspondent  

i n  t h e  quantum theory.  I n  analogy wi th  t h i s  t h e  quantum mechanical 

c o r r e c t i o n s  involve a d e t a i l e d  knowledge of quantum mechanical 

b i n a r y  c o l l i s i o n s  and probably can no t  be expressed i n  terms of 

r e l a t i v e l y  simple q u a n t i t i e s  such as the  phase s h i f t s .  Thus any 

computation u s i n g  t h e s e  c o r r e c t i o n s  would probably be lengthy.  
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